Introduction {#Sec1}
============

*Formal Concept Analysis* (FCA) is a mathematical theory applied to the analysis of data (see \[[@CR6]\]). The input of FCA is a triple called *formal context* that consists of a set of objects, a set of attributes, and a binary relation between objects and attributes. FCA techniques extract a collection of *formal concepts* from every formal context.

Formal concepts are special clusters that correspond to concepts such as "numbers divisible by 5", or "white roses in the garden". *Fuzzy Formal Concept Analysis* (FFCA) generalizes formal concept analysis to include also vague information. The input of FFCA is an *L*-context (*X*, *Y*, *I*) where *L* is a support of an algebra of truth values, *X* is a set of objects, *Y* a set of attributes, and *I* is a fuzzy relation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I: X \times Y\rightarrow L$$\end{document}$.

A *fuzzy concept* is a pair (*A*, *B*) where *A*, *B* are fuzzy sets $\documentclass[12pt]{minimal}
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                \begin{document}$$A: X\rightarrow L$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B: Y\rightarrow L$$\end{document}$. *A* is called *extent* and it is a fuzzy set of all objects $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in X$$\end{document}$ that have all attributes of *B*, and *B* is called *intent* and it is a fuzzy set of all attributes $\documentclass[12pt]{minimal}
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                \begin{document}$$y\in Y$$\end{document}$ being satisfied by all objects of *A*. Namely, *A*(*x*) is the degree to which "*x* has all attributes of *B*", and *B*(*y*) is the degree to which "the attribute *y* is satisfied by all objects of *A*".

In this article, we define twelve special operators as a tool to deepen the analysis of data. To explain their function, let us consider the following situation.

Let (*X*, *Y*, *I*) be an *L*-context, where *X* is a set of students, *Y* are their skills, *I*(*x*, *y*) is the degree to which "a student *x* has the skill *y*". Thus, given a fuzzy concept (*A*, *B*), we know that *A* is the fuzzy set representing all students with all skills in *B*.

Let us now ask, how many students share "*almost all* skills in *B*" ("*most* skills in *B*", or "*many* skills in *B*"). Additionally, we may need to classify students with respect to how many skills of *B* they *do not have* and exactly, to consider the following fuzzy sets of *X*: students sharing "*few* skills in *B*", students who do *not* have "*most* skills in *B*", or students "do *not* have *many* skills in *B*". Similarly, we can also consider a fuzzy set of *Y* formed of all skills shared by "almost all" ("most", "many", or "few") students of *A*, and the fuzzy set of *Y* made of all skills that are *not shared* by "most" (or "many") students in *A*. Each of the previous sets is generated by a fuzzy quantifier-based concept-forming operator, that allows us to introduce an extended notion of fuzzy concept.

Fuzzy quantifier-based operators are defined taking into account expressions of natural language *extremely big*, *very big*, and *not small* that are formalized within the *theory of evaluative linguistic expressions* \[[@CR8]\]. Finally, starting from the $\documentclass[12pt]{minimal}
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                \begin{document}$$\L $$\end{document}$ukasiewicz MV-algebra, we employ the fuzzy quantifier-based operators to represent a graded decagon of opposition, which is a graded extension of *Aristotle's square* (see Fig. [1](#Fig1){ref-type="fig"}).Fig. 1.Aristotle's square. The lines ![](500679_1_En_10_Figa_HTML.gif){#d30e791} denote that the corresponding propositions are contradictories, sub-contraries, sub-alterns, and contraries, respectively.

The article is organized as follows. Section [2](#Sec2){ref-type="sec"} reviews some basic notions and results regarding MV-algebras, fuzzy formal concept analysis, and the graded square of opposition. Section [3](#Sec6){ref-type="sec"} introduces the fuzzy quantifier-based operators and the corresponding new notions of fuzzy concepts. In Sect. [4](#Sec7){ref-type="sec"}, we construct a graded decagon of opposition using the former. Finally, in the last section we discuss further possible development of our results.

Preliminaries {#Sec2}
=============

This section describes some fundamental notions and results regarding MV-algebras, fuzzy formal concept analysis, and the graded square of opposition.

MV-Algebras {#Sec3}
-----------

### Definition 1 {#FPar1}
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                \begin{document}$$\langle L, \vee , \wedge \rangle $$\end{document}$ is *complete* if and only if all subsets of *L* have both supremum and infimum.

### Definition 2 {#FPar2}
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                \begin{document}$$\langle L, \vee , \wedge , \otimes , \rightarrow , \mathbf 0 , \mathbf 1 \rangle $$\end{document}$ where (i)$\documentclass[12pt]{minimal}
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                \begin{document}$$a,b, c \in L$$\end{document}$ (adjunction property).

### Definition 3 {#FPar3}

**(**\[[@CR3], [@CR11]\]**).** An *MV-algebra* is a residuated lattice$$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal {L}=\langle L, \vee , \wedge , \otimes , \rightarrow , \mathbf 0 , \mathbf 1 \rangle $$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$a,b \in L$$\end{document}$. We will also work with the following additional operations on *L*: (i)$\documentclass[12pt]{minimal}
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                \begin{document}$$a \leftrightarrow b = (a \rightarrow b) \wedge (b \rightarrow a)$$\end{document}$ (biresiduation).

### Example 1 {#FPar4}

A special MV-algebra is the *standard Łukasiewicz MV-algebra*$$\documentclass[12pt]{minimal}
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In the following lemma, we list some properties of complete MV-algebras[1](#Fn1){ref-type="fn"} that will be used below.

### Lemma 1 {#FPar5}
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Fuzzy Formal Concept Analysis {#Sec4}
-----------------------------

In this subsection, we recall the definition of two pairs of fuzzy concept-forming operators ($\documentclass[12pt]{minimal}
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### Definition 4 {#FPar6}
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### Definition 5 {#FPar7}
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### Theorem 1 {#FPar8}
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Graded Square of Opposition and Fuzzy Concept-Forming Operators {#Sec5}
---------------------------------------------------------------

In this subsection, we define graded square of opposition referring to \[[@CR5]\], and we enunciate a theorem that shows how this square can be obtained using the fuzzy concept-forming operators introduced in Subsect. [2.2](#Sec4){ref-type="sec"}.
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### Definition 8 {#FPar12}
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This lemma follows from the results found in \[[@CR5]\].

### Lemma 2 {#FPar13}
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### Theorem 3 {#FPar14}
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### Example 2 {#FPar15}
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Fuzzy Quantifier-Based Operators {#Sec6}
================================

In this section, we introduce the *fuzzy quantifier based-operators* extending the notion of fuzzy concept. Our theory is based on the theory of *intermediate quantifiers* presented in \[[@CR7], [@CR9]\] and elsewhere. The theory is based on the concept of *evaluative linguistic expression*. These are expressions of natural language such as "small, very big, rather medium", etc. In this paper we confine only to "not small", "very big" and "extremely big" and use a simplified model in which we consider only extensions in the (linguistic) context $\documentclass[12pt]{minimal}
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Remark 1 {#FPar16}
--------
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In the sequel, new notions of fuzzy concepts are introduced considering additional information generated by the fuzzy-quantifier-based operators.

Definition 11 {#FPar20}
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The following theorems state that the pairs of operators given by Definition [11](#FPar20){ref-type="sec"} are both Galois connections between fuzzy preposets (see Definition [6](#FPar10){ref-type="sec"}). Given a set *X*, for each , we set$$\documentclass[12pt]{minimal}
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Theorem 4 {#FPar22}
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We prove only item (a), because item (b) can be proved analogously.

Let , and . By Definition [11](#FPar20){ref-type="sec"}(i), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_X(A, (B, \tilde{B})^{\Downarrow }_{H, Ev}) = \mathcal {S}_X(A, B^{\downarrow }_{H})$$\end{document}$. Moreover, by Theorem [1](#FPar8){ref-type="sec"}, we know that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_X(A, B^{\downarrow }_{H}) = \bigwedge _{x \in X}(A(x) \rightarrow B^{\downarrow }_{H}(x))$$\end{document}$ is equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_Y(B, A^{\uparrow }_{H})=\bigwedge _{y \in Y}(B(y) \rightarrow A^{\uparrow }_{H}(y))$$\end{document}$. Eventually, by ([6](#Equ6){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_Y(B, A^{\uparrow }_{H})=\mathcal {R}_Y(A^{\Uparrow }_{H, Ev}, (B, \tilde{B})).$$\end{document}$ Then, we conclude that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_X(A, (B,\tilde{B})^\Downarrow _{H,Ev})=\mathcal {R}_Y(A^{\Uparrow }_{H, Ev}, (B, \tilde{B}))$$\end{document}$.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Graded Decagon of Opposition with Fuzzy Quantifier-Based Operators {#Sec7}
==================================================================

In this section, we introduce the definition of graded decagon of opposition, which is a generalization of the graded square of opposition given in Definition [8](#FPar12){ref-type="sec"}. Moreover, we construct a graded decagon of opposition using some fuzzy quantifier-based operators.

Definition 13 {#FPar24}
-------------
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The graded decagon of opposition is depicted in Fig. [5](#Fig5){ref-type="fig"}.Fig. 5.Graded decagon of opposition

In the sequel, we prove a few lemmas in order to construct a graded decagon of opposition with the fuzzy quantifier-based operators.

Lemma 3 {#FPar25}
-------
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Proof {#FPar26}
-----

We give the proof of item (a) only. The proof of item (b) is analogous.
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Definition 14 {#FPar27}
-------------
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The existential import is used in the following lemmas.

Lemma 4 {#FPar28}
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Lemma 5 {#FPar30}
-------
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-----
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By Lemma [1](#FPar5){ref-type="sec"}(d), (f), Finally, and hence, $\documentclass[12pt]{minimal}
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Lemma 6 {#FPar32}
-------
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Proof {#FPar33}
-----
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The following theorem shows that we can obtain a decagon of oppositions starting from our operators.

Theorem 5 {#FPar34}
---------
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Proof {#FPar35}
-----

The proof follows by Theorem [3](#FPar14){ref-type="sec"}, Lemma [3](#FPar25){ref-type="sec"}, Lemma [4](#FPar28){ref-type="sec"}, Lemma [5](#FPar30){ref-type="sec"}, and Lemma [6](#FPar32){ref-type="sec"}.    $\documentclass[12pt]{minimal}
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Example 3 {#FPar36}
---------

Let (*X*, *Y*, *I*) be an *L*-context, where $\documentclass[12pt]{minimal}
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Fig. 6.Graded decagon of opposition Fig. 7.Example of graded decagon of opposition

Future Directions {#Sec8}
=================

In this article, a graded decagon of opposition is introduced as a graded generalization of Aristotle's square, and it is constructed using some fuzzy quantifier-based operators. As future work, we intend to analyze more deeply the role that the fuzzy quantifier-based operators could have in fuzzy formal concept analysis. Moreover, fixed an evaluative linguistic expression $\documentclass[12pt]{minimal}
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More generally, the properties (a), (b) and (c) hold in any complete lattice.

Note that this formula is interpretation of the logical formula defining classical inclusion between (fuzzy) sets in a model of fuzzy predicate logic.
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By a linguistic context for evaluative expressions, we understand a triple of numbers $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle v_L, v_S, v_R\rangle $$\end{document}$ that determines an interval $\documentclass[12pt]{minimal}
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                \begin{document}$$[v_L, v_S]\cup [v_S, v_R]$$\end{document}$ in which all values range. For the more detailed explanation, see \[[@CR10]\].
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